INTRODUCTION
Let F (x, y) = a,x' + a'_1 X,-I y + ... + aoY' be a binary form with rational integer coefficients and with r ~ 3. Let h be a nonzero integer. In 1909 Thue proved that if F is irreducible then the equation (1) F(x, y) = h has only finitely many solutions in integers x and y. In the first part of this paper we shall establish upper bounds for the number of solutions of (1) in coprime integers x and y under the assumption that the discriminant D(F) of F is nonzero. For most integers h these bounds improve upon those obtained by Bombieri and Schmidt in [5] . In the course of proving these bounds we shall establish a result on polynomial congruences that extends earlier work of Nagell [30] , Ore [32] , Sandor [33] , and Huxley [19] . In fact we shall establish an upper bound for the number of solutions of a polynomial congruence that is, in general, best possible.
In the second part we shall address the problem of finding forms F for which (1) has many solutions for arbitrarily large integers h. Finally we shall obtain upper bounds for the number of solutions of certain Thue-Mahler and Ramanujan-Nagell equations by appealing to estimates of Evertse, Gyory, Stewart, and Tijdeman [17] for the number of solutions of S-unit equations.
THE THUE AND THUE-MAHLER EQUATIONS
For any nonzero integer h let w(h) denote the number of distinct prime factors of h. In 1933 Mahler [23] proved that if F is irreducible then (1) has at most C!+w(h) solutions in coprime integers x and y, where C I is a positive number that depends on F only. Let PI' ... ,PI be distinct prime numbers. The equation (2) [9] proved that if F has nonzero discriminant, h > C 2 and g is a divisor of h with g > h 6 /7 then the number of solutions of (1) in coprime integers x and y is at most C~+W(g),
where C 2 and C 3 are positive numbers that depend on F only. In 1961 Lewis and Mahler [21] showed that the number of primitive solutions of (2) , that is,
solutions with x and y coprime, is at most as an upper bound for the number of primitive solutions of (2) under the assumption that F is divisible by at least three pairwise linearly independent linear forms in some algebraic number field. Evertse's result resolved a conjecture of Siegel since his upper bound for the number of primitive solutions of (2) depends only on rand t, and so for (1) depends only on rand cv(h) , and does not depend on the coefficients of F. In 1987 Bombieri and Schmidt [5] refined the result of Evertse for the Thue equation. They proved that if F is irreducible then the number of solutions of (1) in coprime integers x and y is at most (4) where c 4 is an absolute constant. Further they showed that one may take c 4 to be 430 if r is sufficiently large. Let
A=(~ ~)
and define the binary form FA by
FA(x, y) = F(ax + by, cx + dy).
Observe that if A is in GL(2, Z), in other words, A has integer entries and determinant ± 1 , and (x, y) is a solution of (1) in coprime integers x and y then A(x, y) = (ax+by, cx+dy) is a solution of F[I (X, Y) = h in coprime integers. For any A E GL(2, Z) we say that FA and -FA are equivalent to F. We remark that the number of solutions of (1) 
D(tF) = t 2 (r-l) D(F),
and for any matrix A with integer entries (6) 
D(F A ) = (detA)'(r-l) D(F).

Thus for any A E GL(2, Z) we have D = D(F) = D(F A ).
For any nonzero integer n and prime number p let ord p n denote the exact power of p that divides n. For any real number x let [x] denote the greatest integer less than or equal to x. Let p be a prime number, and let r, k, and D be integers with r 2:: 2 
pig
Recall that the content of F is the greatest common divisor of the coefficients of F. We shall prove the following result. 
G(g, r, D) -
The number of pairs of coprime integers (x, y) for which F(x, y) = h is at most (9) 2800 (1 + J_) rl+w(g) .
8er
Notice that if g or D is squarefree, or if g and D are coprime, then G(g, r, D) is 1. Further G(g, r, D) is always bounded from above by (D, i) I/2; here (D, g2) denotes the greatest common divisor of D and i . Thus Theorem 1 sharpens the result of Erdos and Mahler [9] . Furthermore if we take g = Ihl and e any positive real number then condition (8) holds since on taking j = r -2 in ( Thus if D(F) =f. 0 then the number of primitive solutions of (1) is at most 2800r 1 + w (h) ; in particular, we recover estimate (4) of Bombieri and Schmidt.
In general this choice for g and e is not optimal. Indeed the significant feature of estimate (9) is that the term w(h) in estimate (4) has been replaced by the quantity w(g). For almost all integers h in the sense of natural asymptotic density, and any J > 0, w(h) = loglogh + O(loglogh 1 / 2 +,,) (see [18] ).00 the other hand (see [6] ), if e < (r -2)/r then for a positive proportion of integers h we may take g to be a prime, hence w(g) = 1, and estimate (9) becomes C(e)r2. In fact w(h) may be as large as logh/(410glogh) while w(g) = 1.
No particular significance attaches to the constant 2800 in (9) . It can certainly be improved. In particular, if either h or r is large, then (9) holds with a much smaller constant. Our proof depends upon the Thue-Siegel principle as enunciated in Bombieri and Schmidt [5] and follows quite closely the proof given in [5] . (The author would like to thank Professor Evertse for his suggestion, in connection with an earlier version of this result, that he follow the approach of Bombieri and Schmidt [5] for dealing with the small solutions of (1). This allowed him to remove a factor involving M(F) from his original estimates.)
Our argument differs from that of Bombieri and Schmidt in that they reduce the study of (1) to the case when h = 1 by splitting solutions according to congruence classes modulo h. On the other hand, we reduce h to h / g by splitting the solutions into congruence classes modulo g. Further we appeal to Theorem 2 to spread apart solutions in the same congruence class. Both arguments owe much to the work of Mahler [26] .
Observe that if IDI1/r(r-l) ~ IhI 2 / rH , then we may apply Theorem 1 with g = 1 to deduce that the number of pairs of coprime integers (x, y) for which ( 1) holds is at most 2800 ( 1 + 8!r) r.
Evertse and Gyory [12, 16] have obtained a related result for the Thue inequality Define (N(r) , J(r)) by (N(r), J(r)) = (6r7 2 (;) , ir(r -1)) for 3 ~ r < 400 and (N(r) , J(r)) = (6r, 120(r -1)) for r> 400. They prove that if
IDI ~ h,,(r)exp(80r(r-1)),
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use then the number of solutions of (10) in coprime integers x and y with y positive is at most N(r).
Recall that the term in the denominator on the left-hand side of inequality (8) 
If F has few nonzero coefficients, say s, then upper bounds for the number of primitive solutions of (1) have been given by Mueller and Schmidt [29] and Schmidt [34] that depend on sand h only. Further, the special case of binomial forms F(x, y) = arx r + aoyr has been much studied by the hypergeometric method. This study was initiated by Siegel [35] in 1937 and refined by several authors, most recently Evertse [11] in 1982; see, in particular, Theorem 2 of [11] , which is of a similar character to Corollary 1. Finally we mention that Silverman [36] in 1983 proved that if D(F) =1= 0 and h is r-powerfree and sufficiently large relative to F then the number of primitive solutions of ( 1) is at most ,zr
where RF(h) is the rank of the Mordell-Weil group of the Jacobian of the curve (1) over Q.
ON POLYNOMIAL CONGRUENCES
The results in this section were motivated by the reduction theory of §VI of Bombieri and Schmidt [5] . The author is grateful to Professor Bombieri for correspondence that clarified for him some aspects of their argument.
Let and there are nonnegative integers
such that the complete solution of the congruence
is given by the t congruences k-u (12) x == b i (mod p ;) for i = 1, ... , t and such that if k > I then t(k) = t(l+I) and ui(k) = ui(l+I) for i = 1 , ... , t, while if j 2: k > I then (13) Proof of Theorem 2. We first prove that the solutions of (11) are given by t such congruences and to this end our argument will follow initially that of Lemma 7 of [5] 
ordp a, + L ordp a J = 0 .
Thus, for all integers b,
Accordingly, by (18) and (21) with b replaced by b i ,
I :SJ:S', 0, ,j2:0
.. , (. Therefore, by (19) and (22) 
.. , (, hence (24) ord (a. -a) ~ max {min(oh ., 0hn. Recall that I 1 (25) 
and so, by (25) ,
Thus it follows from (24) that (27) I L* . Further, by (23) , (30) and, by (19) ,
for m = 1, 0 • • , n. Since xm ::::: 0 for m = 1, 0 0 . , n we deduce from (29) that ~ :::::
for j = 1, ... , n. By (30) and (31) , I
'('-I)
It also follows from (30) and (31) that n(k -u) ::::: u, whence
Since n ~ r -1 , we certainly have
J+l J+ J+ which establishes (14) .
Note that for any pair of integers (i, j) with 1 :S i < j :S t, min(c5,c5)+min(c5,c5) c5+c5. (32) max(min(c5 ., c5)) 2:
Further, for any pair of integers (i, j) with 1 :S i :S t < j :S r,
Thus, by (27) , (33) and, by (23),
I~j~r, Hi
I<j~r
Observe that if (34) holds with equality then (23), (27) , and (33) 
Further if (34) holds with equality then by (19) and (23) we see that c5 i ,i = k -u i for i = 1, ... , tl . Since
and la i -bilp :S la i -bjlp , for 1 :S i :S tl and 1 :S j :S r we deduce that
Since c5 i , i is an integer and ord p (b i -b) is also an integer, we conclude that c5 i , j is an integer for all pairs (i, j) with 1 :S i :S Next we take k = 1+ 1 in (11) and apply the argument of Sandor [33] to lift the t=t(/+l) congruences (12) . This then gives that for k>l, t(k)=t (/+l) and ui(k) = u/l + 1) for i = 1, ... , t and also yields (13) . That we may take t(k) and ui(k) for i = 1, ... , t to be constant for k > I follows from an argument of Sandor [33] as does the fact that the condition k > I cannot be weakened. It follows from Lemma 7 of Bombieri and Schmidt [5] that pk divides the content of f(pk-u; + bi) for i = 1, ... , t. However, they do not give an estimate for u i . Indeed, the main novelty in the statement of Theorem 2 lies in the estimates (14) and (15) . These estimates are, in general, best possible.
We shall show first that estimate (14) is best possible in the following sense.
Let e and e be positive real numbers, r an integer with r ;::: 2, and p a prime number larger than r. Then there exist positive integers k and I with (8 -e) I :::; k :::; (e + e) I and there exists a polynomial f of degree rand discriminant D with I = ord p D and for which the solutions of (11) are given by t congruences (12) with Note that since p > rand (:::; r the congruences (12) are uniquely determined. Let r, t, m, and n be integers with r ;::: t ;::: 2, m > 0, and m ;::: n ;::: 0, and let p be a prime number with p > r. We define f(x) by (36) 
.
Let s be a positive integer with s :::; m and take t = rand n = 0 in (36) .
is given by x :::::: 0 (mod pS). In this case u,
, and m is at our disposal, we see that the upper bound for ui (k) in (14)of T=[((r-l)lr)k] is best possible for the range 1 ~ k ~ II(r-l). Next let} be an integer with 1 ~} ~ r-2 and take t =} + 1 in
The complete solution of f(x):::::: 0 (mod pk) is given by x:::::: 0 (mod pm) , or x : : : : : : -(j + 2)pn (mod pV) , or x : : : : : : -i (mod pk) for i = } + 3, ... , r. In this
that as n varies from 0 to m, k varies from II) to I I (j + 1). Thus the upper bound for ui (k) in (14) (14) is best possible for the range k ;::: I and therefore for the range k ;::: 1 . Further we note that
and that the number of solutions modulo pk of f(x) :::::: 0 (modpk) is 2pm +r-2 or equivalently
We shall now show that estimate (15) is best possible for k ;::: II (r -1). For the range k ;::: I it suffices to recall (37) . Next, as before, let} be an integer with 1 ~} ~ r-2 and take t =} + 1 in (36) so that 1 =}(j + l)m+2(j + l)n. 
Since m and n are still free to be chosen we see that estimate (15) by License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use
and the number of solutions modulo pk of g(x) == 0 (mod pk) is
For any prime p and nonzero integers r, k, and D with r ~ 2 and k > 0 
2[~]=QIT+Bl'
with 0 ::; Q 1 and 0 :::; BI < T. Now observe that the single congruence
,
.. , pU j • Thus the number of solutions modulo pk of (11) is pU j + ... + pUt. Since for any positive integers u, v with
it follows from (14) and ( 
is at most
which in particular is at most
In 1921 Nagell [30] and Ore [32] proved independently that the number of solutions modulo / of (41) is at most rp21. This was improved by Sandor By Theorem 2 and the Chinese Remainder Theorem we obtain the following result. for i = 1 , '" , t and all prime numbers p, such that the complete solution of
is given by the t mutually disjoint congruences x == b i (mod midi) for i = 1 , ... , t.
By Corollary 2 and the Chinese Remainder Theorem the number of solutions modulo m of (45) is at most the product over all primes p dividing m of the upper bound given by (42) with k = ord p m. In particular, by (43) and (44), we see that the number of solutions modulo m of (45) (38) , it follows that the number of solutions of (45) with h as in (47) is exactly 
PRELIMINARY LEMMAS
Let a be an algebraic number of degree n and define the height of a,
where f is the minimal polynomial of a over the integers. Let t and • be positive numbers such that t < J2/n and J2 -nt 2 < • < t, and put A. = 2/(t -.) and
-nt
Suppose that A. < n. A rational number x/y is said to be a very good approximation to a if
where H(x, y) = max(lxl, Iyl). Bombieri and Schmidt [5] , building on the earlier work of Bombieri [2] and Bombieri and Mueller [4] , and of course the classical work of Thue and Siegel, proved the following result.
Thue-Siegel principle. If a is of degree n (~3) and x/y and x' /y' are two very good approximations to a then
A I I -I A log(4e 1)
+log(H(x ,y)):s;y (log(4e 1)+log(H(x,y))),
where
We must also deal with the possibility that a is of degree I or 2. In this case we appeal to the following simple result. 
Proof. First assume that a is of degree Next assume that a is of degree 2. Then f(x) = ax 2 + bx + c with a =I o.
Let a ' denote the other root of f. For any rational number p / q with q =I 0 ,
In the latter case, by (48),
and so the result follows from (49) and (50).
From the proof of Lemma 1 of Lewis and Mahler [21] together with refinements (a) and (b) of Bombieri and Schmidt [5, p. 72 ] we obtain the following result.
Lemma 2. Let f be a polynomial with coefficients from the complex numbers
C, degree n (22) , and zeros ai' ... ,an in C. For every z in C,
n-l M(f)n-2 l:S:i:S:n
I
We may apply Lemma 2 to obtain the following version of Lemma 1 of [5] .
Lemma 3. Let F be a binary form of degree r (2 3) with integer coefficients and nonzero discriminant D(F). For every pair of integers (x, y) with y
where the minimum is taken over the zeros a of F (z, 1).
Proof. Put f(z) = F(z, 1) and denote the degree of f by n. Since F has degree at least 3 and D(F) -I 0, n is at least 2 and so by Lemma 2
, and the result follows immediately. If a, = 0 then a'_1 -10, n = r -1, and ID(F)ll/2 = la,_IIID(f)11/2. But then M(f) 21a,_11 and the result again follows.
PROOF OF THEOREM 1
Let p be a prime and suppose that pk exactly divides h. If (x, y) is a primitive solution of (1) (14) such that xy-I == b i (mod pk-u j ) for some integer i with 1 ::; i ::; t. We suppose, as we may without loss of generality, that for each integer j with 1 ::; j ::; t there is a primitive solution (x, y) of (1) for (14) . 
Plainly Pi has content 1 and by (5) and (6) 
Similarly if (x, y) is a primitive solution of (1) and p divides y then p does not divide x and so x is invertible modulo pk . In this case F (1 , y X -I) == o (mod pk) . By Theorem 2 applied to F (1 , z) there is an integer w with t ::; wand there are integers b t + l , •.
• ,b w and u t + I ' ... , U w ' with u i satisfying (14) with
for some integer i with t + 1 ::; i ::; w. We choose w to be minimal. Since p divides y it also divides b i for i = t + 1 , ... ,wand thus by Theorem 2, w -t is at most 51' where 51 is the number of roots a of F(l, z) with lal p < 1. Since each nonzero root of F ( 1, z) is the inverse of a nonzero root of F (z, 1), w ::; r. Arguing as before, but with the roles of x and y reversed, we determine binary forms Pi of content 1 that satisfy (51) for i = t + 1 , ... , w .
Therefore if (x, y) is a primitive solution of (1) then it determines a triple (i, x' , y'), where 1 ::; i ::; wand (x', y') is a pair of coprime integers for which Pi(x' , y') = hp -k . Further, distinct primitive solutions of (1) determine distinct triples. We may assume, without loss of generality, that ord p g = ord p h for all primes p that divide g. Then, by repeating the above construction for each prime p that divides g we obtain a set W of at most rw(g) binary forms with the property that distinct primitive solutions (x, y) of (1) 1 ( )1-G(g,r,D),(r-l) 
FB(x,y)=hlg.
}
ID(FBJI = pr(r-I)ID(F)I.
}
Put n = hi g and take p = 41 in (53). Then, by (52) and (53), the number of primitive solutions of (1) is at most 42rw(g) times the maximum number of primitive solutions (x, y) of (54) G(x, y) = n for all binary forms G of degree r and for which
(55) ID(G)I ~ (41InI 2 / r +e)r(r-l) .
Suppose that G is such a form and that (x o ' Yo) is a primitive solution of (54). Then there is an A in GL(2, Z) for which A-1(x O ' Yo) is (1,0) and so (1, 0) is a solution of G A (x, y) = n. Note that G A has leading coefficient n. Thus we may suppose that G has leading coefficient n and that M(G) is smallest among all equivalent forms that have n as their leading coefficient. Let Yo be a positive real number. We shall now estimate the primitive solutions (x, y) of (54) for which 0 < y ~ Yo, and here we shall repeat the argument of Bombieri and Schmidt with some minor changes. We have
where QI' •.. ,Q r are distinct complex numbers. Put Li(x, y) = x -QiY for i = 1 , ... , r. Then by the same argument given for the proof of Lemma 3 of [5] we obtain the next result. 
where PI' ... , P r depend on (x, y) and are such that the form
is equivalent to G.
We may take (xo' Yo) = (1 ,0) in which case, by (56), Proof. This is Lemma 4 of [5] and the proof goes through unchanged.
Similarly we obtain the following version of Lemma 5 of [5] . For each set Xi that is not empty let (xU), yU)) be the element with the largest value of y. Let X be the set of solutions of (54) with 1 :S y :S Yo minus the elements (X(I), /1)), ... , (x(r) , y(r)).
Let i be an integer with 1 ::; i ::; , and, when Xi is non empty, let (x~i) , y~i)) , ... , (x~i) ,y~i)) be the elements of Xi with yii) ::; ... ::; y~i) . Thus (x~i) , y~i)) = (xU) , yU)). By Lemma 5
For 
is equivalent to G and thus so also is the form
= -I-nl-; : : : : -I-nl-'
1=1
Taking the product of (59) for i = 1, ... , , we find that 
Inl -, where () = min(er/(2 + er), ()I) and ()I = 1 -(log(7/2))/(log(41 1 / 2 /3 1 / 4 )).
Accordingly, by (60) and (63), rlog Yo IXI:::; () 10gM(G) .
We now take Yo = M(G)2 so that IXI :::; 2r/(). Thus the number of primitive solutions (x, y) of (54) We shall now estimate the number of primitive solutions (x, y) of (54) for j = 1 , 2, ... , and so
Since IXj+IYj -xjYj+11 2: 1, we have, by (55),
We define the positive real number J j for each integer j for which there exists 
y;-2::; (2r r(r-I)/2 In I)M(G)r-2 < M(G)2(r-2) , and again this is impossible since Y I ~ M(G)2 .
Finally as required.
LOWER BOUNDS FOR THE NUMBER OF SOLUTIONS OF THUE EQUATIONS
Silverman [37] , extending earlier work of Mahler [24] and Chowla [8] , has shown that there exist cubic binary forms F, with nonzero discriminant, for which the number of solutions of the Thue equation (1) exceeds c(log Ihl)2/3 for infinitely many integers h, where C is some positive constant. However, the solutions constructed are generally not primitive solutions and as we remarked with Erdos and Tijdeman [10] it may be that there exists a number C, (r), which depends on r only, such that (1) has at most C, (r) primitive solutions whenever F has nonzero discriminant and degree r at least three. Bombieri and Schmidt [5] showed that we may have at least r distinct primitive solutions of (1). They gave the example
where a is a nonzero integer. Then (1, 1), (1 , 2) , ... , (1 ,r) are primItIve solutions of F(x, y) = 1. We do not believe that for a fixed form F there are infinitely many integers h for which (1) has this many primitive solutions if r is large. Indeed we conjecture that there exists an absolute constant Co such that for any binary form F E Z[x, y] with nonzero discriminant and degree at least three there exists a number C, which depends on F , such that if h is an integer larger than C then the Thue equation (1) has at most Co solutions in coprime integers x and y. For each binary form F let v(F) denote the largest integer k such that (1) has at least k primitive solutions for arbitrarily large integers h; if k does not exist put v(F) = 00. Next, for each integer r let v*(r) be the supremum of v(F) over those binary forms F with integer coefficients, nonzero discriminant, and degree r. Of course if the above conjecture is valid then v*(r) ~ Co for r = 3,4, .... In this section we shall prove the following result. Thus Co is at least 18. To prove Theorem 3 we shall determine various binary forms that are invariant under subgroups of GL(2, Z). Further, for (73) we shall also make use of parametric solutions of equations of the form
F(u, v) = F(r, s).
Let
A=(~ ~)
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use be in GL(2, Z). Recall that if x, y is a coprime solution of FA(x, y) = h for some integer h, then (ax+by, cx+dy) is a coprime solution of F(X, Y) = h. We remark that if F is a form such that FA = F and (x, y) is a primitive solution of (1) then also A(x, y) = (ax+by, cx+dy) , A2(X, y), A 3 (x, y) , ... are primitive solutions and so we obtain many primitive solutions of (1) . Plainly we may restrict our attention to those elements A of finite order in GL(2, Z) . In fact we shall look for forms F that are invariant under the action of a finite subgroup of GL(2, Z). Here again we may restrict our attention, this time to equivalence classes of subgroups of GL(2, Z) under conjugation. For let G be a finite subgroup of GL(2, Z), and let F be a binary form that is invariant under G, that is, FA = F for all A in G. Then, for any element T in GL(2, Z), FT is invariant under TGT-1 • There are in total 13 mutually nonconjugate finite subgroups of GL(2, Z) and they are given in Table 1 (see p. 179 of [31] ).
We shall now determine those homogeneous binary forms of small degrees that are invariant under the above 13 groups.
Plainly every binary form is invariant under C 1 and every form of even f(a,b)=-a -2ab+5ab +6ab +b.
y, -x+y), (-x+y, -x), (-x, -y), (-y, x-y), (x-y, x) , (y,x), (-x+y,y), (-x,-x+y), (-y,-x), (x-y,-y), (x,x-y
Next we put ( b) =a(a-b) (b)=_(a+2b)(a+b)
x a,
3e ,
r a, 2 . 3e , s a, 2 . 3e .
We observe that
4·3 3e
We shall prove that if a and b are coprime odd integers for which f(a, b) is the square of an integer then (x(a, b), y(a, b)), (u(a, b), v(a, b) ), and (r(a, b), s(a, b) ) are pairs of coprime integers. Further we shall show that there is a finite set of pairs such that if (a, b) is not from that set then the orbits of (x, y), (u, v) , and (r, s) under D3 are disjoint. This will then establish that v * (3) ~ 18 provided that we prove there are infinitely many pairs of coprime odd integers (a, b) satisfying for some integer z, since, as is easily verified, for any pair of integers (k, /) there are only finitely many pairs of coprime integers (a, b) with (x(a, b),  y(a, b)), (u(a, b), v(a, b)), or (r(a, b), s(a, b) 
-a -band b are coprime odd integers that give a solution of (77). Thus there are infinitely many pairs (a, b) of coprime odd integers that give a solution of (77). We shall assume for the balance of the proof that a and b are coprime odd integers for which f( a, b) is the square of an integer. We first check that then x(a, b), y(a, b), u(a, b), v(a, b), r(a, b), and s(a, b) are all integers. We and pl(a + 2b)/3 e , or (ii) pia and pl(a + b)/2, or (iii)  pl(a -b)/(2. 3 e ) and pl(a + 2b)/3 e , or (iv) pl(a -b)/(2. 3 e ) and pl(a + b) /2. In case (i) pia and pl2b so p = 2, but a is odd, which is a contradiction. In case (ii) pia and plb, which is impossible. In case (iii) p divides 3a and 3b so p = 3. But one at least of (a -b)/(2. 3 e ) and (a + 2b) /3 e is not divisible by 3 and so case (iii) does not apply. Finally, in case (iv), pl(a -b)/2 and hence pl(a, b) , which is impossible. Thus x(a, b) and y(a, b) are copnme.
Next 
it follows that (-x, y), (-x, -y), (x, -y), (y, x), (y, -x), (-y, -x)
,and (-y, x) are also solutions. We now appeal to the parametric solution due to Euler of the equation X4 + l = u 4 + v 4 . He showed (see [18, p. 201] ), that if
If t == 0 (mod 66) then T(t) == 0 (mod 66), x(t) == 0 (mod 66), and y(t) == 1 (mod 66), hence by (82), x(t) and y(t) are coprime.
Next we put M(t) = -S( -t) and N(t) = T( -t). Then, since u(t) = -x( -t) and v(t) = y( -t) , we have (83)
M(t)u(t) + N(t)v(t) = 66.
Again if t == 0 (mod 66) then N(t) == 0 (mod 66), u(t) == 0 (mod 66), and v(t) == 1 (mod 66), hence by (83), u(t) and v(t) are coprime. Plainly the orbit of (x(t) , y(t)) under D4 does not contain (u(t) , v(t)) for t sufficiently large and thus v * ( 4) 2: 16. To prove that v*(5) 2: 6 we merely note that F(x, y) = xy(x+y)(x 2 +xy+ i) is a form of degree 5 with nonzero discriminant that is invariant under D 3 • To prove that v*(6k) 2: 12 and v*(6k + 2) 2: 12 for k = 1,2, ... , it suffices to show that there exists a binary form with nonzero discriminant that is invariant under D6 for these degrees. Let 
=(C,-C 2 )X y (X-y) .
Since fc ( 1) = 1 ,fc and fc have no roots in common. Further, by our earlier
is a binary form of degree 6k and nonzero discriminant that is invariant under Gc(x, y) = x + 3x y + cx y + (2c -5)x y + cx y + 3xy + y . 
is a binary form of nonzero discriminant of degree 6k + 5 that is invariant under (84) in S-units u l and u 2 is finite (see Lang [20] ). We say that two triples (0: 1 ,0: 2 ,0: 3 ) and (PI' P 2 , P 3 ) in (K*)3 are S-equivalent if there exist a permutation a of (1 , 2, 3) , a J1, E K* , and S-units e l , e 2 , e 3 such that
It is easy to check that if (0: 1 , 0: 2 ,0: 3 ) and (PI' P 2 , P 3 ) are S-equivalent then the equation PI u l + P 2 u 2 = P 3 in S-units u l and u 2 has the same number of solutions as (84). Next let PI' ... ' P t be the prime ideals corresponding to the finite places in S. For any 0: E K* the principal ideal (0:) can be written uniquely as a product of two (not necessarily principal) ideals a' and a" , where a' is composed of PI' ... 'P t and a" is composed solely of prime ideals different from PI ' ... , Pt. We put
Ns(O:) = NK/<Q(a").
Recently, Evertse, Gyory, Stewart, and Tijdeman [17] proved that almost all equivalence classes of S-unit equations of the form (84) have very few solutions and their result is our next lemma. Proof. This is Theorem 1 of [17] together with the observation that we may take the triples in A from (&'K \ {0})3 .
S-unit equations are of great interest since the study of many Diophantine equations can be reduced to the study of certain associated S-unit equations. In the next section we shall make use of such a reduction to study the Thue-Mahler equation and the generalized Ramanujan-Nagell equation. We shall also appeal to an eWective version of Lemma 7 established in [17] . 
THUE-MAHLER AND RAMANUJAN-NAGELL EQUATIONS
Bombieri [3] has obtained an estimate for the number of primitive solutions of the Thue-Mahler equation (2) that is better with respect to the dependence on the degree r than the estimate (3) of Evertse and yet is still independent of the coefficients of F . It follows from his result that, if r is at least 6 and the discriminant of F is nonzero then there are at most
primitive solutions of (2) .
Let h be a nonzero integer, let t be a nonnegative integer, and let P, ' ... , Pt be prime numbers. In this section we shall estimate the number of primitive solutions of the equation (86) of course if h = 1 we again obtain (2). We shall establish bounds for the number of solutions of (86) in coprime integers x and y and integers k\ ' ... , k t under the assumption that h is coprime with Pi for i = 1, ... , t and sufficiently large. Our bounds are much sharper with respect to the parameter t than the exponential dependence on t of previous results. Further there exists a number C that is effectively computable in terms of rand D such that if
then the number of solutions of (86) in coprime integers x and y and integers k, ' ... ,kt is at most (89)
The most significant aspect of Theorem 4 is the dependence of the upper bounds (87) and (89) on the parameter t. Estimate (87), which is independent of t, applies for h sufficiently large. However, since the proof of (87) depends upon Lemma 7 and hence upon the Thue-Siegel-Roth-Schmidt theorem it does not yield an effective estimate for how large h must be. For this reason we have also given the slightly weaker estimate (89) that is linear in t and holds subject to h satisfying the effective estimate (88).
In fact, estimates as sharp as (87) and (89) do not apply for general h. Let e be a positive number and let 2 = PI ' P2 ' ... be the sequence of prime numbers.
In [10] Erdos, Stewart, and Tijdeman proved that for every integer r with r 2' : 2 there exists a number to(e, r) , which is effectively computable in terms of e and r such that if t is an integer with t 2' : to(e, r) then there exists a monic polynomial f, with integer coefficients, degree r, and nonzero discriminant for which the equation (90) has at least (91 ) solutions in nonnegative integers x, kI ' ... , k t . Recently Moree and Stewart [28] proved that, provided we replace r2 -e by r -e in (91), we may also suppose that f is irreducible.
We remark that when t = 0 estimate (87) gives a slight improvement, for h sufficiently large, of the estimate (4) of Bombieri and Schmidt [5] . Further, if r is odd then the proof of Theorem 4 allows one to replace 4r w (h) in (87) by 2r w (h) and similarly to eliminate the factor 2 in estimate (89).
Equation (90) is an example of a Ramanujan-Nagell equation. In [13] Evertse proved that if f is a quadratic polynomial with integer coefficients and nonzero discriminant and PI' ... 'P t are distinct prime numbers then equation (90) has at most 3· 7 6 +4t solutions in integers x, kI ' ... , k t . Let h be a positive integer. Next we shall establish estimates for the number of solutions in integers
x, kI ' ... ,kt of the generalized Ramanujan-Nagell equation Finally we mention that Evertse and Gy6ry [14] have also applied the estimates for the number of solutions of S-unit equations from [17] 
Put u = r -£5 2 and if £5, = 1 put Ct, = O. Then, from (94) we have
Similarly put v = r -£5, and if £5 2 = 1 put Y, = 0 so that, by (95),
We shall now consider the tuples of the form
where (X, y) yields a primitive solution of (86 We shall now show that if qlh then there are at most r positive tuples of the form (98) whenever x and y give coprime solutions of (86).
We first suppose that (x, y) yields a solution of (86) w. Observe that, for j = 1 , ... , u , 
where ()i = 1 for i = 1, ... , r except when <5 2 = 1 in which case (), = 0 and CI:, = -1 . Let S denote the set of infinite places in K together with those finite places that correspond to a prime ideal in &K that divides an ideal generated by
} be a set of pairs of coprime integers that give solutions of (97) and suppose that the set is maximal subject to the constraint that whenever 
for all triples (iI' i 2 , i3) with 1 :=:; i l < i2 < i3 :=:; r. Thus, by (86),
Let KI = ij(Cl: I , Cl: 2 , Cl: 3 ) and let SI denote the set of infinite places in KI together with those finite places that correspond to a prime ideal in &K that I divides an ideal generated by P j for j with 1 :=:; j :=:; t. Further, by (107), each pair of SI-integers (VI' V 2 ) determines at most two pairs of coprime integers (x, y), ((x, y) , (-x, -y) We shall now show that the maximum of Ns (PI)' Ns (P 2 ) , and Ns (P 3 ) is I I I large. To this end, let p be a prime ideal of &KI \{O} and put a l = ord p a and b l = ordp(02al -0la 2 ). Let (iJ' ... , i,) be a permutation of (1, ... , r) for which ordp ail ~ ordp a i2 ~ ... ~ ordp ai, ' and let g be that integer with 0 ~ g ~ r for which ord a· < ... < ord a· < 0 < ord a· < ... < ord a· . Let f(x) = a(x -0:,)'" (x -0:,), let K = Ql(o:" ... ,0:,), and let S denote the set of infinite places in K together with those finite places that correspond to a prime ideal in &K that divides an ideal generated by P j for j = 1, ... , t. Let {x" ... ,x n } be integers that give solutions of (92) and suppose that the set is maximal subject to the constraint that whenever j =1= i the tuple Let KI = Q(a l ,a 2 ) and let SI be defined for KI in an analogous way to our definition of S for K. Let d l be the degree of KI over Q. By (119), -al)(xj -a 2 ) ) ?:. (N sl (fa) ) .
NSI ((Xj
Put A = a(xj -a l ), 17 = a(xj -a 2 ), and r = a(a 2 -a l ). Then A, 17, and r are in &K \{O} and We now complete the proof by appealing to Lemmas 7 and 8 as we did for the proof of Theorem 4. Here we make use of the fact that d l ::; r(r -1) and lSI I + 1 ::; d 1 t + d 1 + 1 < r2 (t + 1) .
